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Large deflection analysis of a nanoscaled cantilever beam
with strain gradient effect

LIU Jianlin, CAO Gaofeng
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Abstract:In this study, we discuss the deformation of a micro/nanoscaled cantilever under a concentrated load. The model-
ing is based on the strain gradient theory developed by Aifantis. Based on the Euler-Bernoulli beam theory, and considering
the effect of strain gradient, the governing equation of the large deformation of a cantilever was built, and the boundary condi-
tions were given. Using the shooting method and the MathCAD software, we obtain the numerical solution of a cantilever with
strain gradient, under a concentrated load at the free end. This solution is compared with that of a beam with infinitesimal de-
formation. The result shows that at the micro/nano scale, the strain gradient has a great effect on the cantilever's deforma-
tion. In this case, the gradient coefficient affects a beam more significantly when it is in the finite deformation than in the in-
finitesimal deformation. Moreover, the gradient coefficient will restrain the deformation of the beam.
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beam with large deformation

BT m AR B P AR, RGN e X PR T A T
P wy ZH, B AR N £ 8L Y Euler - Ber-
noulli ZEAY | BV AL 0 A A A W i % gl 28R
PMKEFRRA L, EED T PEAT, B HH
P A« JA ST 8 B AR AKCE T W) A
FRN Ay Hw=w(x) FRBH R LEE 581
PR WLAE B A A bR R LA AR AR (w,w0) o T
B R 5 A 1 IR R AR bR |, HoE i
AR BRI A, RN AT — SR IRK R s,
R AR — S IR SO e fid iRt
0=0(s),

M5 Euler—Bernoulli Z2 4R 15 , %% A% i % 0 475 4y
WilvE, 25 IR U G 2 W 38 AT 2 — ik m
B — SN AR AT AR

Yy ’
e=——=v0'. (4)
Pt

K, p HEE R iz iR,
X 7R B R R R AEE I LT R R
x'=cos 0,

(5)

w' =sin 6.
$ep 325 O =90 AR A DL TS
X E/‘J/:\lé*/_ﬁo

2 O 5 3 SRR 0 [ 105 46 P

FFE 35 0 % omT LAt 4 O
2(0)=0,w(0)=0,0(0)=0. (6)



- 118 - BB K FFR(AARFFR)

2016 2 A

X F R RASIE B 22 AR P (3) L (4) ,
AR AT — 0 7T LS K
o=E(e-ce")=Ey(0'-c0"). (7)
FIHE(7) By FRIE K, 5 8 R)W AZ G AT LU o
IR AR ) R AR A Tk, W2 B 2 ) g AR
A
U, = %J;J':a'adsdA - %EIJ':(H’Z _c0'0")ds. (8)
S, A SRy B R AR A T TR A 5 1 oA R
TR R RS0 SRR S N AR BB AN AN )
B 7 B S PN Wy )

L
1 = iElf (07 - c0'0")ds — Pw(L) +
2 0

),

=

J:A(w' — sin 6)ds. (9)

Horp A H Lagrange 5@?, I/‘J\é’{]ﬂifﬁ(S) EEUPIRGIES
/%o

X RE(9) B A RE#EAT AR 43, I H b 475358
o, al LIS 3

L 1 L
SIT = E1f 6'50'ds - Pow(l) — ~Elc[ (060" +
0 2 0
L
0"50") + fo [SA (w' —sin 0) + A (Sw' — cos 650)1 ds
L L
= [E10'60]% - EIf 0'60ds - Pow(L) + [ 8A (w' -
0 0

L L
sin@)ds + [ASw]} +E[CJ' 0 50ds —j Acos 060ds —
0 0

[éE[cG’SO"](L) + [éEIcH”(SO’]: — [EL6"50]".
(10)

FRYE e/ NARE B, )R A BE AR 7 (A 2

Wchr oIT=0, XF=(10) HATA IS, FHF H E A
HFEA(6) , LS B RS S AR M, v LUAS 3

A=P, (11)
o g A _

0" -0 ~ g0 0=0, (12)

0'(L)-c0"(L)=0, (13)

0"(L)60'(L)-60"(0)86'(0)-0"(L)60"(L) +

0'(0)60"(0)=0. (14)

A (11) R Lagrange 2l HU e, HAyHE
& H H b B R g, MR (14) By R
T B — AL A REAE TR M2 . Aifantis'' 1B 5%
FBA 25 EAA BE RN I R BRE  Hh AR AR Ok
HiG . WZs G S bR ry Yy 3 SO = (14) #4705
FERARTRT o FR AR IR A A P B T A 7 [ g
A EAE B 0(0) #0, HOLAE 573 867 (0) A

RECRIERRZA T, MEUE 07— RBAL T —mikb
8Ty, 2230 (12) BN 20 R A el i

AR B 07 (1) =0 (L) = —gcos o(L) . %z

ZE v 5 IR — S B /N O s X N N T 97
(L), R4 0" (L) =0 B, b2 2 T0 30 e, 0 ml
WVRAETE 07( L) #0 , i HAS 4y 80" (L) WA BEARIELG
BNE, BT TFR(14) |, H AT EEBIER 56 (0) A
80" (L) , BRI A AR A A E W ALF 67(0)=0
o (L)=0, MPE=L(13) 775,07 (L)=0,

ZE L ITIR  AOK B R R R AR B Y )
1 5 RRLH P LA R P A () B ( BVP)

P
4) _pgr_ —
co 0 F1°08 0=0,

x'=cos 0, (15)
w' =sin 6.
0(0)=0, 6'(L)=0,
0"(0)=0, 0"(L)=0, (16)

x(0)=0, w(0)=0.
MR BB RN, B ¢ =0 B, A i n) 8
(15) F1(16) AT LR ARSI 28 52 KARTE B TE

T 7 R augcos 6=0, Hili B 514

6(0)=0,0'(L)=0,x(0)=0,w(0)=0, It 52l
[ RS S O
2.2 INER

MG NS B I A AT R — Ak i
MY R/INE B 0=w'<<1, 8 cos 0=1, H =6
FE(15) ] LA .

P
(5) _ m_~L _
cw W= 0,
dx=ds, (17)
w' =sin 6.

H R &M R w(0)=0,w' (0)=0,w"(L)=0,

w"(0)=0, X (17) 5 AR AL ER «,

BUAE /NS TE R, AT DL Z W 2 AR T Jif Je A L AR 4k
Ze I HE S, 5 SRR B SN 1) & A N T BV

] LAAR 7 (8 R A i drr i e

P (& & _asinh[ (1-6)/8]
W=t (2_6_3 cosh(1,8) F tanh(1/B) -
Fe), (1)

Hrp £=x/L B=\c/L,
TR f T LAXT PR R SR S5 5]

, P, 1, 2COSh[(1_§>/B] 2
T [ e sy i U



$40 % %1

SV A SR T B R AR A0 ok B R RS 5T - 119 -

3 #RKITR

S /NSTEAEL X F R A RARTE i i 4, Hobe
JEE I i BT SR IR B IRIME, SR FH 3T #8275 (shooting
method ) , J1- 7F fift T 43 75 A2 B 2R FH 55 B B9 Runge —
Kutta AT A0SR %, X% 18] B HEAT 4T 4006 3R
8 AR S Ny < 1 2 ] R R A v i i B R
V) B2 A Ay — o) (L ) S50 ( TVP) |, DU AT DA 4 AT R
fife o SRAS LSS M AL S B A U T HE
B, QR AR 2 0 L P DU Ay 92 ] L ) LA

BET R A B T EUE B/ MathCAD (3 H]
W) S T BRI 2 AR A SR Al R R R
R S BG%E R P/(EN) = 2.5%x107° nm ™,
KB L=400 nm, H3CER[16] A1 A, Z80/c /L —
FE O ~ 1 BUE , SOAS SO e T3 OB B R 80 ¢ 72 0
~0.16 pm® WAYEUE, Zadit 8, Rk E KA
INSTE RS e i 2 o 2l TR 2, Horb B R
2% ¢ 3L 0.0.08 F10. 16 wm®, & 2 Hrfyh
212 3 RERLA/NEEA ML Lk 4.5,
6 MIFCFRGE K RASTE I A BE il 2k .

0.75 =0
¢=0. 08 pm?
0. 60 ¢=0. 16 pn’
st =0
= 2
0.45L " " ¢=0. 08 pm
= - - ¢=0.16 |.1m2‘
E]

0 0.2 0.4 0.6 0.8 L0
% /L
E2 EERZETRBERBTLREKX
TR FNINEE T Bef B 458 B 2
Fig.2 Deflections of cantilever beam with

different strain gradient coefficient

1 2 R UL 8 A R A KA S, HOKFJ7
I EAINERS Ax A7 IR B AZ AL, 1l A2 A2 /INVAE T s DU AR
WAL e il T2 i/ VIR RS 2 ms T 3Rk
AT R TR AL SO & AR AR Sl
Kt [Tt A BUAR Fh /AR T2 B T H 14 8 f) 22
ER (I 1.2 3) , MR RS B T 1 45
/N2 4.5.6) , 3% 5 28 L 1) RS TE IS & — 3L
(o 3o0 AR SRPAR BE FR RO B TR ) B i A L
ARRFLI SRR R RO, B e A i i 8
JEE N HBE AT BN [ 2 PR 5 R R,
HASBI ., FERIIE 2 ¢ =0 WF, BEA B RO, it
ISR R AL T 5 A WA A s B 2 kT 1 242

HEHTAIERE TR T5RILTER .

HH_ IR 45 ] DLk — 45 ) B R
KASTE R A/ VTG  H [ i K be i 506 &
e ZIBEFR, K 3 Fin, B3 a7, e
PR RASTERT i KPR 56 B R OC R ik
AJE—SHZR, e — 2% T M 28, e 3 AR 5 1)
Rk, BB R AN 1% I AR R B
TR 5 T M50 B 2R 5 T 38— 31 [T e A8 %
R ARTE S ks . 4R ANV TG B
FHOFHARIE 19 52 e AN G H 1392 e A KAR I st
(ISZI R &, R U B AR 2R R A R AR T B, SR FH AR
BRI X H AT T B B N T T TR
T AR R A KARTE 24T T =k 2T 5,
PIAEH 0.999 52, HFA AT LI A

%:0. 667 07-3. 746 5¢+15. 982 16¢°-35. 426¢°.

(20)
L4

NAETY

w (L)/L

0 0.04 0.08 0.12 0.16

B3 BRERRARESHERBNXR
Fig.3 Relation between maximum

deflection and gradient coefficient
FRAEC(18) 15 2 2 K Az /NI I H H i 18 3
PR i T i <

“’(TL):E%L2 (;{f} tanh[éj _chj (21)

“HEZBERXT e mE 3 s, Bl 3 g X —
YRR 1 /ISR B ) SN A bE AR T e A Tl
K

E— A3 A H i A SRR R e IR
ek, ik 4 fros . R (19) i RIS 352 % AR /N
AR IS A H s A7 B BT A 2K

plr? c

0<L):El{2+cosh(L/«/g)_c}‘ (22)

1L 4 7] D SRR FE R BN T80 98 el o
FARSZ AR S OO B ph iR B 0 S e BRAEEZE AR, B
PRI AR, RISy 80 8 ZR A0 i R
A PREOE AT TR E, [FIAE R T T TR
FH, AT LARTGE A RASTE I 0 A it 4k b4 T — IR 2 0



- 120 - BB K FFR(AARFFR)

2016 2 A

RIS E N 0.999 74, HIA TR N
6(L)=1.12488-5.69283¢+12. 88905c* 1. 57401¢".

(23)
1.2
N = A X%
1.0 ~ —-— WAk
~al AT
0.8 f A -
~ \A‘.L
S 0.6 A s
S 4
0.4 f
0.2 K
0 1 L 1 J
0 0. 04 0. 08 0.12 0. 16

c/pm?

El4 EEREHREASHERENXR
Fig.4 Relation between slope angle at the

free end and the gradient coefficient
XFEEIE 34, Al DLk ISR P B 2R O T R R
Az RASTE I R 0] BE e Az /N2 I 1) 52 00 BEE K
WO ARG K 58 S A B RSB I, A b 2855 X

#?ﬁﬂ@o
4 % i

(1) FERLEAK RUEE T N7 Ao 2 X 20 S AR T
ARIREE W AR AR BN, R AR TR KR
W), SRR AR RO B T 1 o i 0 R
/N HBE AT N 5 S 2 SR A B R B0,
ARTEAOR o e B 8 B R 3] — i s P I, o 2
RS I R AU A PES N EE R

(2) B AR B HE 2R IO T2 e A KA e A
Az /AT I R 2R B DA WA SRR EE AR RO T ik
AR BRI 2B BN HIE A . ERENKRR A AR
ARTE I | IO AR 6 JEE A 20 SEINELAS 5 )8

(3) /IR S T Y A R A AR TR AR, R
TEBRE T ) 25 R D/, B B0 B AR RO K, KA TP
BRI/ NS BEE TOI A9 45 R W) SRS

S E Lk

[1] FLECK N A, MULLER G M, ASHBY M F, et al. Strain
gradient plasticity: theory and experiment [ J]. Acta
Metallurgica et Materialia, 1994 ,42(2) .475-487.

[2] STOLKEN J S, EVANS A G. A microbend test method
for measuring the plasticity length scale [ J]. Acta Mate-
rialia, 1998,46(14) :5109-5115.

[3] NIX W D. Mechanical properties of thin films [J]. Met-
allurgical Transactions A, 1989,20(11) ;2217-2245.

(4]

(5]

(6]

[7]

(8]

(9]

[10]

(11]

(12]

[13]

[14]

[15]

[16]

STELMASHENKO N A, WALLS M G, BROWN L M, et
al. Microindentations on W and Mo oriented single crys-
tals; an STM study [ J]. Acta Metallurgica et Materialia,
1993,41(10) :2855-2865.
MA Q, CLARKE D R. Size dependent hardness of silver
single crystals [ J]. Journal of Materials Research, 1995,
10(4) :853-863.
POOLE W J, ASHBY M F, FLECK N A. Micro-hard-
ness of annealed and work-hardened copper polycrystals
[J]. Scripta Materialia, 1996,34(4) ;559-564.
MCELHANEY K W, VLASSAK J J, NIX W D. Determi-
nation of indenter tip geometry and indentation contact ar-
ea for depth-sensing indentation experiments [ J]. Journal
of Materials Research, 1998 ,13(5) :1300-1306.
AIFANTIS E C. On the microstructural origin of certain
inelastic models [ J ]. Journal of Engineering Materials
and Technology, 1984 ,106(4) :326-330.
ZBIB H M, AIFANTIS E C. On the localization and post-
localization behavior of plastic deformation I: on the initi-
ation of shear bands, II; on the evolution and thickness of
shear bands, III;
Portevin-Le chatelier bands [ J].
23(2/3) :261-277,279-305.
MUHLHAUS H B, ALFANTIS E C. A variational prin-

on the structure and velocity of the

Res Mechanica, 1988,

ciple for gradient plasticity [ J]. International Journal of
Solids and Structures, 1991,28(7) ;845-857.
FLECK N A, HUTCHINSON J W. A phenomenological
theory for strain gradient effects in plasticity[ J]. Journal
of the Mechanics and Physics of Solids, 1993,41(12) .
1825-1857.
FLECK N A, HUTCHINSON J W. Strain gradient plas-
ticity ; advances in applied mechanics[ J]. JW Hutchin-
son and TY Wu, 1997,33.295-361.
GAO H, HUANG Y, NIX W D, et al. Mechanism-
: theory[ J]. Journal
of the Mechanics and Physics of Solids, 1999,47(6) :
1239-1263.
HUANG Y, GAO H, NIX W D, et al. Mechanism-
based strain gradient plasticity- Il :analysis[J]. Journal
of the Mechanics and Physics of Solids, 2000,48 (1) :
99-128.
CHEN S H, YAO Y. Elastic theory of nanomaterials
based on surface-energy density[ J|. ASME Journal of
Applied Mechanics,2014,81(12) ;121002.
AIFANTIS E C. Exploring the applicability of gradient
elasticity to certain micro/nano reliability problems[ J].
Microsystem Technologies, 2009,15(1) :109-115.
(%3 Ek)

based strain gradient plasticity- |



